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Abstract. Let D be a smoothly bounded pseudoconvex domain in C", n > 1. Using G{z,p), the 
Green function for D with pole at p G D associated with the standard sum-of-squares Laplacian, N. 
Levenberg and H. Yamaguchi had constructed a Kahler metric (the so-called A— metric) using the Robin 
function A(p) arising from G{z,p). The purpose of this article is to study this metric by deriving its 
boundary asymptotics and using them to calculate the holomorphic sectional curvature along normal 
directions. It is also shown that the A-metric is comparable to the Kobayashi (and hence to the Bergman 
and Caratheodory metrics) when D is strongly pseudoconvex. The unit ball in C" is also characterized 
among all smoothly bounded strongly convex domains on which the A-metric has constant negative 
holomorphic sectional curvature. This may be regarded as a version of Lu-Qi Kcng's theorem for the 
Bergman metric. 



1. Introduction 

Let D he a smoothly bounded domain in C", n > 1 with smooth defining function ipiz) so that D — 
{■0 < 0}. For p G £>, let G{z,p) be the Green function for D with pole at p associated to the standard 
Laplacian 



" «2 

A = 4y ^— 

j=i ■' ■' 

on C" K, R2". The notation for the Green function will be enhanced to Gd{z,p) if the need to emphasize 
its dependence on D arises. Then G{z,p) is the unique function satisfying /\G{z,p) = on I? \ {p}, 
G{z,p) ^> as z — > dD and G{z,p) — \z ~ p|-2"+2 jg harmonic near p. Let Hp{z) be harmonic on D, 
continuous on D and such that Hp{z) = —\z — for z E dD. The existence of such a function is 

guaranteed by the solution to the Dirichlet problem and 

G{z,p) = \z-pr^^^+' + Hj,{z) 

is then the Green function for D with pole at p. Therefore 

A(p) lini (g(z,p) - \z - p\-^''+^) 

exists for each p E D and is called the Robin constant at p and the map p ^ A{p) is the Robin function 
for D. Said differently A{p) — Hp{Q). Hence it is possible to rewrite the expression for G(z,p) as 

(1.1) G{z,p) = |z - p\-'-+^ + A{p) + hp{z) 

where hp{z) = Hp{z) — Hp{Q) is harmonic on D and satisfies hp{p) = for all p G D. The maximum 
principle implies that A{p) < for all p G D and it was shown by Yamaguchi in [T3] that p i— >■ —A{p) is 
a real analytic exhaustion function for D. The assertion that A{p) is real analytic is entirely local and 
as such does not require any smoothness hypothesis on dD while the latter statement that —A{p) is an 
exhaustion only needs the domain to be one where the Dirichlet problem can be solved. These claims are 
therefore valid on a much larger class of bounded domains than the smoothly bounded ones, the point 
here of course being that the smoothness assumption on dD does not play any vital role so far. Further 
understanding of the Robin function came through the work of Levenberg- Yamaguchi ( |10|) where they 
derived explicit expressions for the complex Hessians of —A and log(— A) on smoothly bounded domains 
using the technique of variation of domains. To describe this briefly, Gx pq G D and a e C" a non-zero 
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tangent vector at pq . Let Ap C C be a disc around the origin with radius p > such that pq + at & D 
for all t G Ap. Consider the biholomorphism T : Ap x D ^ V = T{Ap x D) defined by 

T{t, z) = {t,z — at). 

2? is a locally trivial family of domains Dt — T{{t} x D) such that po € Dt for all t £ Ap. The question 
of understanding the complex Hessian of say —A at po along a, which tantamounts to varying the pole p 
near p^, is transformed by T to a situation where the domains vary (i.e., t i— Dt) but the pole po G Dt 
remains fixed. Let \{t) be the Robin constant for Dt at po- It is not difficult to see that \{t) = A{pa + at) 
and hence 

a,p — 1 

The problem now is to understand the variation of X{t) as a function of t and this is addressed in [10]. A 
similar idea can be used to describe the complex Hessian of log(— A). To get a flavor of what's involved, 
the end results may be summarized as follows: let po and a be as above. Then 



(1.2) V ^^(po)w-7 / K2{z,a)\VMz,po)\^ dS,+ 



dD 



d 



l)0-2ri Jd .^a. 9z. 



2 



=1 

i2ri 



where cr2„ is the surface area of the unit sphere in R and K2{z, a) is a quantity whose non- negativity 
(or strict positivity) is equivalent to z G dD being a point of pseudoconvexity (or strong pseudoconvexity 
respectively) - K2{z, a) is in fact manufactured from the Levi form of dD and can be shown to be indepen- 
dent of the defining function ip. Moreover VzG{z,p) — (^dG/dzi{z,p),dG/dz2{z,p), . . . ,dG/dzn{z,p)) 
for p G D is well defined on D since the boundary is assumed to be smooth, and 

^ , , fdG dG\ . . 

for I < (3 < n. The expression for the Hessian of log(— A) is similar: 

(1.3) J2 ^'^''^t^h poWap = \ I K2iz,0)\VM^,po)\' dS. 



dD 



(n ~ l)a2n{ - Mpo)) Jd I dzp 



I '^\^^H{a,pQ,z) 



dV, 



where the vector O depends on a,po and the first derivatives of A at po and H{a,po, z) depends on 
G{z,pq) and Gj^^z^po) defined above. While the exact expressions for K2{z,.) and H{a,po,z) may be 
found in [10 it will suffice for our purposes to observe that the volume integral in both (1.2) and (1.3) is 
non-negative. Thus the complex Hessians of —A and log(— A) are bounded from below by quantities that 
depend on K2{z, .). Since D is smoothly bounded, the point that is farthest from, say the origin must 
be strongly pseudoconvex and hence K2{z, .) > on a non-empty open piece of dD. If in addition it is 
assumed that D is pseudoconvex then K2{z, .) > everywhere on dD. It follows that —A and log(— A) are 
both real analytic strongly plurisubharmonic exhaustions on smoothly bounded pseudoconvex domains. 
Therefore on such a domain uj^ — iddlog{—A) is the fundamental form of a Kahler metric that is induced 
by the Robin function. This is the so-called A-metric and is given by 

dsi= y ^^Mz^^,)dz'^^dzP. 

As usual we let g^-p{z) — 9^ log(— A)/9zq9z^(z) for 1 < < n. An interesting alternative approach 
for proving the plurisubharmonicity of —A was developed by Berndtsson in [5]. 

As an example take D = B{0, r) the euclidean ball of radius r > in C". For p £ -6(0, r) \ {0} 
Gn{z,p) = \z-pr-+'-{r/\p\f'-'\z-p*r''+' 
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where p* = (r/|p|)^p is the pomt that is symmetric to p with respect to dB(0,r). When p is the origin 
the Green function is — 1. The Robin function is 

Aip) = -(r/|p|)'""'|p-p*r2"+2 = -r2«-2(r2 - \p\Y'''+^ < 

for all p e B{0,r) and this looks like the Bergman kernel for the ball of radius r > restricted to the 
diagonal albeit with a different exponent. Therefore the A-metric is, up to a constant, the Bergman 
metric in this case. 

The other example to consider is a half space given by iJ = {z e C" : 25R( Oa^a) - c < O} where 

tta £ C and c is a real constant. For p £ H, 

Gh{z,p) - |z-pr2„+2 _ 1^ _^*|-2„+2 

where p* is the point that is symmetric to p with respect to the real hyperplane dH. Hence 



En 
a=l 



(1.4) Ah{p) = -\P-P*r-+' = -(2 distip,dH))-'^' = < 0. 



2n-2 



When {z 6 C" : K0„ < 0}, the Robin function A//(p) = -2-2«+2(p^ + p^)-2n+2 ^j^j^j^ evidently 
implies that wj^, is positive semi-definite and therefore the corresponding metric is degenerate. 

For an arbitrary smoothly bounded pseudoconvex domain the A-metric is defined by a global potential 
namely log (—A) and it is only natural to hope that getting a hold on finer properties of A would yield 
more information about the metric. To this end, boundary asymptotics of A and its derivatives up to 
order 3 were computed in |10j in terms of the defining function ■)/'• As a consequence it was shown that the 
A-metric is complete on strongly pseudoconvex or smoothly bounded convex domains. For multi-indices 
A = (ai, a2, . . . , an), B - (/3i, /Ja, . . . , /3n) e N" let 

B^^-^^^ ^andi?^ 



and let D^^ = B^D^ . Recall that a domain is called regular if there is a subharmonic barrier at each of 
its boundary points in which case the Perron subsolution to the Dirichlet problem extends continuously 
to the boundary. 

Theorem 1.1. Let B C C" he a hounded regular domain and A the associated Robin function. Let 
r C dB he a -smooth open piece and fix zq € F. Suppose that is a -smooth local defining function 
for F near zq ■ Befine the half space 



H = {z£ 



C"^23?(Eg;(^o)..)-l<o} 

a— 1 



and let K-u denote the Robin function associated to Ti. Then for all multi-indices B ^ and z ^ D 
(-1)1^1+1^1 (i?^^A(z))(V(z))'""'+'-"+"" ^ B^'^AniO) 

as Z ^ Zq. 

This provides information about the boundary asymptotics of all derivatives of A since B°'^ Ah{Q) can 
be explicitly computed for all multi-indices A^B using (1.4) and in particular yields the following result 
from p^. 

Corollary 1.2. Let B C C" be a C°° -smoothly bounded pseudoconvex domain (in which case the A- 
metric is well defined) and fix zq G dB. Then for z £ B and I < a, f) < n, 

dtp dtp 

OZa CfZp 

as z ^ Zq. Moreover for 1 < a, (3,^ < n 



g-,{z){tP{z)Y ^ (2n - 2)^(zo) ^(zo) 



(z)(^(z))^"-^ ^2n(2n-l)(2n-2) |i(z„) ^{zqAz,) |V^(zo)r"-^ 



dza&zpdzj ' dza &z p dz^ 

as Z ^ Zq. 
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Invariant metrics such as those of Bergman, Caratheodory and Kobayashi play an important role in 
understanding the geometry of a given domain and their equivalence on smoothly bounded strongly 
pseudoconvex domains is well known. While it is not clear to us whether the A-metric is invariant under 
biholomorphisms, the question of how it compares with one of these canonical metrics seems natural to 
consider. Let D C C" be a C°°-smoothly bounded domain and fix zq £ dD. Let ij} he a. C°°-smooth 
defining function for D. At each point p G dD there is a canonical splitting C" — Hp{dD) © Np{dD) 
along the complex tangential and normal directions at p. A vector v G C" regarded as a tangent 
vector at p £ dD can therefore be uniquely written as v — vh{p) + vn{p) where vh{p) G Hp{dD) and 
vn{p) G Np{dD). The smoothness of dD implies that if z G _D is close enough to dD, there is then a 
unique point n{z) G dD that is closest to it, i.e., 6{z) = dist(z, dD) = \z — tt{z)\. Regarding u as a vector 
at z, we will write v = vh{'k{z)) + V]^{Tr{z)) and abbreviate them as V}j{z), vn{z) respectively. Let C^{p) 
be the hermitian matrix (^d'^^/dza&Zf!{p)) . The Levi form is 

CK,P — 1 ^ 

for p G -D, f = (w^, u^, . . . , w"), w = {w^, nP' , . . . , w") G C", and where (•, •) is the standard hermitian 
inner product on C". When v = w, the Levi form will be denoted by C^{p,v) for the sake of brevity. 

1 /2 

Further let F^{z, v) = (ds^(w, v)) be the length of the tangent vector w at z G I? in the A-mctric. 

Theorem 1.3. Let D be a C°° -smoothly bounded pseudoconvex domain in C" and fix zq G dD. Suppose 
that Tp is a C°° -smooth defining function for D. Then for z £ D and v G C", 

(i) \im,^,, Fg{z,VN{z)) {-i'(z)) ^ (2n- 2)1/2 \y^(^zo)\ \ij(zo)\ and 

1 /2 

(ii) \im,^,, Fg{z,VH{z)) { ^ i,{z))'^^ = (2n- 2)1/2 (^^^ „^(^o))) 
where the limits are uniform for v in a compact subset o/C". 

It will be seen from the proof of this theorem that pseudoconvexity plays no role in deriving these 
asymptotics; its presence (as far as this statement is concerned) merely serves to guarantee that the 
A~metric is well defined. Moreover since |V'(-2^)I ~ ^i^) for z close to dD, (i) and (ii) above provide 
the asymptotic rate at which the A-metric blows up in the normal and tangential directions. When 
D is strongly pseudoconvex, there is a uniform positive lower bound on the Levi form and hence these 
asymptotics are essentially the same as those obtained by Graham for the Kobayashi metric on a strongly 
pseudoconvex domain (see [S]). This suggests that the A-metric and the Kobayashi metric must have 
similar behaviour even globally on such domains. Let dnlp, q) denote the distance in the A-metric between 
p, g in a given domain D. Likewise let dxip, q), dc{p, q) and dsip, q) be the distance between p, q in the 
Kobayashi, the Caratheodory and the Bergman metrics respectively on D. 

Theorem 1.4. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C". Then there exists 
a constant C > 1 such that 

C"l dK{p,q) < dji{p,q) < C dK{p,q) 

for all p,q G D. The same holds with dK{p,q) replaced by dc{p,q) or dB{p,q) with a possibly different 
C. 

This has three consequences. First this recovers a result from [TU] that the A-metric is complete on strongly 
pseudoconvex domains. Second, it is possible to get an expression for djj(p, q) with a uniformly bounded 
additive constant using ideas from [1]. First recall the Carnot-Caratheodory metric on the boundary of 
a smooth strongly pseudoconvex domain D with defining function ip. Call a piecewise C^-smooth curve 
a : [0, 1] dD horizontal if for every t G [0, 1] for which a'{t) exists, we have a'(t) € Ha{t){9D). The 
strong pseudoconvexity of dD implies that every pair of points p,q € dD can be connected by a horizontal 
curve. The length of a is 

L = [ C^{a{t),a'{t)) dt 
Jo 
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and the Carnot-Caratheodory distance d/f (p, <z) between p,q (z dD is the infimum of the lengths for 
all possible horizontal curves a that join p, q. Define g : D x D ^ Rhy 

^'''^^'-H 7mm j 

where h'^{x) = S{x). Note that tt is apriori well-defined and smooth only near dD, but a smooth extension 
to all of D can be chosen and fixed once and for all to define g. 

Corollary 1.5. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C". Then there are 
uniform constants a > 1 and C > such that 

9{P, q)-C < dnip, q) < ag{p, q) + C 

for all p,q S D. 

Third, it also implies that for a strongly pseudoconvex domain D, the metric space {D, dn) is 5- 
hyperbolic in the sense of Gromov, a notion which may be briefly described as follows (see [Tl for more 
details): let {X,d) be a metric space and / = [a,b] C R a compact interval. Fix x,y <E X and let 
7 : / — !■ X be a path that joins x and y. Call 7 a geodesic segment if it is an isometry, i.e., for all 
s,t e /, (i(7(s), 7(t)) = |s — t\. Geodesic segments that join x and y will be denoted by [x,y] inspite 
of their potential non-uniqueness. {X, d) is a geodesic space if any pair x,y ^ X can be joined by a 
geodesic segment. A geodesic space {X, d) is called ^-hyperbolic for some (5 > if every geodesic triangle 
[x, y] U [y, z] U [z, x] in X is (5-thin, i.e., 

dist(i(;, [y, z] U [z, x]) < 6 

for any w G [x, y]. Said differently, there is a (5 > such that the (5- neighbourhood of any two sides of a 
given geodesic triangle contains the third. Therefore in a coarse sense all geodesic triangles are thin and 
{X, d) behaves like a negatively curved manifold. A definition that works for more general metric spaces 
(possibly non-geodesic) is as follows: choose a base point w € X and define the product oi x,y & X with 
respect to w as 

{x,y)w = ■^{d{x,w) + d{y,w) - d{x,y)}. 

Then X is (5-hyperbolic for some 5 > if 

[x, v)w > min {{x, z)^, (z, y)^} - S 

for all X, y,z,w £ X, which is equivalent to the more symmetric relation 

d{x, y) + d{z, w) < max {d{x, z) + d{y, w), d{x, w) + d{y, z)} + 2(5. 

It can be shown that for geodesic metric spaces these definitions are equivalent with possibly a different 
5>0. 

On the other hand the belief that (D, da), where D is strongly pseudoconvex, behaves like a negatively 
curved space should be further substantiated by estimating the curvatures of the A-metric near dD as 
was done for the Bergman metric in [7] using Fefferman's expansion of the Bergman kernel on smooth 
strongly pseudoconvex domains. Recall that the holomorphic sectional curvature at z e I? along the 
direction v G C" is given by 



Riz,v)-— — ^ 

{ggv'v^} 



where 



where g''^ = {g^-j^j) and (?„^(z) — \og{— A)/ dza&zp{z) and the standard convention of summing over 
all indices that appear once in the upper and lower positions is being followed. 

Theorem 1.6. Let D be a -smoothly bounded strongly pseudoconvex domain in C". Fix zq G dD and 
V G C". Then for z G D 

R{z,VNiz)) -l/(n-l) 
as z ^ Zq along the inner normal to dD at zq. 
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As can be expected the proof of this statement uses the asymptotics of A from theorem 1.1. However it 
does not follow directly from the information provided by theorem 1.1. To explain this heuristically, note 
that corollary 1.2 shows that 

for z close to zq and hence 

det (<?„^(z)) ^ det (^(zo) ^(^o)) /(^(z)) 



2n 



which is apriori indeterminate since the numerator vanishes and ?A(z) — s> as z — s- zq. Thus the difficulty 
is to control g^^ . One way to do this is to show that 

for z close to zq and alll<a<n— l,l</?,7<n and this can be done along the inner normal at zq. 
A direct calculation using the asymptotics of theorem 1 . 1 yields a rate of blow up for the derivatives of 
9a^ that is of the order of (^'(•z)) ^ which is not enough to control the indeterminacy in g^^ . While a 
similar estimate for the holomorphic curvature should hold along tangential directions (and indeed along 
all directions) without any additional assumptions on the way z approaches zq, a stronger claim about 
the blow up of the fourth order derivative of A near the boundary is needed and this is not a direct 
consequence of theorem 1.1. This point will be discussed further later on in the article. 

Another remark about the A-metric is motivated by Lu-Qi Keng's theorem which states that a bounded 
domain in C" with complete Bergman metric and whose holomorphic sectional curvature is equal to a 
negative constant everywhere must be biholomorphic to the ball. Using ideas from [3 it is possible to 
prove a version of this result for the A-metric. 

Theorem 1.7. Let D be a C°° -smoothly bounded strongly convex domain in C". Suppose that the A- 
metric on D has constant negative holomorphic sectional curvature. Then D is biholomorphic to the ball 
B" and the A-metric is proportional to the Bergman metric. 

Finally, it is also possible to show the interior stability of the A-metric on a smoothly varying family of 
domains in C". 

Theorem 1.8. Let D be a C°° -smoothly bounded pseudoconvex domain in C" and let Dj be a sequence 
of smoothly bounded pseudoconvex domains that converge to D in the -topology. Let ds'^^ds^ be the 
K-metrics on D and Dj respectively. Denote by R(jj,v), Rj{p,v) the holomorphic sectional curvatures 
of D,Dj respectively at p E D along v G C". Then ds'^ — ds^ uniformly on compact subsets of D and 
Rj — > R uniformly on compact subsets of D x C" . 
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first author had with Professors Kang-Tae Kim and Rasul Shafikov. Many thanks are due to them for 
their remarks and encouragement. We would also like to thank Harish Seshadri for a timely and very 
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clarifications. 



2. Properties of the Robin function 

To obtain information about A(p) it would be desirable to first understand a few of its basic properties. 
All the properties mentioned below were proved in [13j and the sole purpose of this exposition is to 
clarify certain salient features that will be needed later. It should also be noted that while some of these 
properties hold on a more general class of domains, it will suffice for us to restrict attention to bounded 
regular domains. 
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Lemma 2.1. Let D c C" be a bounded regular domain and fix p € D. Then for every r > such that 
the ball B{p, r) is relatively compact in D, 

(2-1) m = + — ^ / ^ ^ Giz,p) dS. 

r Cr2„r JdB{p,r) 

where a2n is the surface area of the unit sphere in C" and dSz is the surface area element on dB{p,r). 
Moreover A < in D. 

Proof. As noted in (1.1) 

G{z,p)^\z-p\-^^+^+A{p)+hp{z) 

where hp{z) is harmonic on D and hp{p) = 0. For every r > as above integrate this over dB{p,r) to 
get 

^(P) = + i , , G{z,p) dSz + — / h,{z) dSz. 

r Oin" JdB(p,r) ^^n^ J dB(p,r) 

Since hp{z) is harmonic in D, the last term in the expression above, which is the mean value of hp{z) on 
dB{p,r) equals hp{p) = and this gives the desired result. 

For the other claim, choose R > large enough so that D C B — B{0,R). For p G D, let Gd{z,p) 
and Gb{z,p) be the Green functions for D and B respectively with pole at p. Then Gd{z,p) — Gb{z,p) 
is harmonic on D and equals —Gb{z,p) on dD. Hence the maximum principle shows that Gd{z,p) < 
Gb{z,p) on D. Consequently for all p £ D, A{p) is at most the Robin function for S at p which is 
negative. □ 

Lemma 2.2. Let D c C" be a bounded regular domain. Then A is real analytic on D. 

Proof. Since G(z,p) is known to be symmetric in z.p so is Hp{z) — G{z,p) — \z — Hence the 

function H defined on D x D as, H{z,p) = Hp{z) is harmonic in z as well as p. Moreover the maximum 
principle implies that H{z,p) < in D x D. Now &xpo G D and let B = B{po, r) be a relatively compact 
ball in D. Applying the Poisson integral formula twice and appealing to Fubini's theorem shows that 

{<72nrr JJdBxdB |z-p|2"|u;-p|2" 

for all p e -B. It follows that A(p) is real analytic in B. □ 

Lemma 2.3. Let D c C" be a bounded regular domain. Then —A is an exhaustion function for D. 

Proof Let po G dD and let M > be given. Choose a ball B = B{po,r) such that |;z > M for 

all z,p £ B. Let U-Miz) be the harmonic function in D whose boundary values are — M on B n dD and 
on dD \ B. Fix p £ B Ci D and consider the function s{z) in D defined by 



s{z) 



u-m{z) - Hp{z), ii z^p 
U-m(z)-A{p), i{z=p. 



The function 8{z) is harmonic in D. To see what the boundary values of s{z) are, fix a e B n dD. Then 

s{z) -M+ |a-j3r2"+2 > 
as 2; — >■ a. On the other hand if a G dD \ B, then 

s{z) -Hp{a) = |a - p\-^''+^ > 

as 2; ^ a. It follows from the maximum principle that s{z) > in D and in particular s{p) > 0. Hence 
U-m{p) > A(p) for allp G D Ci B. Consequently, 

limsupA(p) < limsupu_M(p) = — M, 

p->Po p->Po 

which means that limp^p^ A(p) = — 00. □ 
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3. Boundary behaviour of A 

The main goal of this section is to prove theorem 1.1. The basic strategy is to blow up a neighbourhood 
of zq G T by means of afhne maps Tj associated with a sequence Zj — > zq to get a half space as was 
done in TO'. The afhne maps produce a sequence of scaled domains Dj = Tj{D) and we study the 
family of Green functions associated to these domains, but the first step is to localise the problem near 
Zq. For this fix a neighbourhood J7 of zq G F and a smooth local defining function -0 for [/ n F so that 
[/nz? = {z G C" : V < 0}. 

Proposition 3.1. There exists a neighbourhood V of zq compactly contained in U and a constant C > 
depending only on U such that 

GunD{z,p) < Gd{z,p) < GunD{z,p) + C 

for all z,p E V . 

Proof. Fix i? > so that B — B{zo,2R) is compactly contained in U and let V = B{zo,R). The 
first inequality is known and follows from the inclusion U Cl D d D. Indeed, the harmonic function 
GunD{z,p) — Gd{z,p) on [/ n D is at most —Gd{z,p) < on the boundary oi U Ci D. Therefore the 
maximum principle shows that Gur\D{z,p) < Gd{ztP) for all z^p G U and in particular if G V . 

For the upper estimate let Fi = i? n dD, F2 = dD \ B and F3 = dB n D. For a bounded regular 
domain J7 C C", let dji^ denote the harmonic measure on 917 at z G and recall that 

-2n+2 / 1. c\-2n+2 



Jdn 

for z,^ G ri. Noting that Fi is a common component of the boundaries oi B Ci D and D and appealing 
to this representation of the Green function it follows that 

Gd{z,p) - GunD{z,p) < Gd{z,p) - GBnDiz,p) 

\t-p\-^"+^d^if- [ |i-pr2"+2d^SnD\ I \t-p\-^r.+2 ^^D^ f \t - p\-^n+2 ^^BnD 



for z,p G Since dp^^^ < dfif the first term in the brackets is non-negative and so is the integral 
over F2 since d/zf > for all z. Finally if i G F3 and p G F it follows that \t - p|-2"+2 < ^-21+2 f^j. g^jj 
zGV.lt follows that Gd{z,p) ~ GunD{z,p) < R-^"+^ for all z,peV. □ 

Let {zj} be a sequence in D that converges to zq and we may assume without loss of generality that all 
Zj € U n D. Consider the affine maps 

Tjiz) = {z- Zj)/{-^{zj)) 

that blow up any fixed neighbourhood of zq in the sense that for any compact K C C" there is a jo such 
that K C Tj{U) for aU j > Jq. Let Dj = Tj{D) and {U D).j = Tj[U n D). Note that Tj{zj) = and 
hence G Dj for all j. The defining function for Dj in [U fl D)j is 



i>{zj) + 2K( l^(^.)^a) ( - i^{zj)) + {i:{z,)f 0(1). 

Q — 1 



Then 



= ^ oi;-i(z)/(~^(z,)) = -1 + 2K(f] + ( - i^{z,)) 0(1) 

Q — 1 ^ 



dZa 



is again a defining function for Dj in {Ur\D)j and in the limit it can be seen that these defining functions 
converge to 



V'ooW = -l + 23?(^^(zo)zc, 



a=l 
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in the topology on every compact set in C". In particular this implies that the domains Dj converge 
to the half space 



in the Hausdorff sense. To see this lei K C % be compact. Then tpac{K) < and since K C Tj{U) 
for large j it follows that tpjiK) < for all large j. Conversely if K is compactly contained in Dj then 
il>j{K) < — c < for some uniform c = c{K) > 0. Passing to the limit it follows that ij^ooiK) < — c < 
which exactly means that K is compactly contained in %. Exactly the same argument shows that (yn£>)j 
converges to T-L as well in the Hausdorff sense where V is as in proposition 3.1. 

Let Gj be the Green function for Dj and let be the associated Robin function. Likewise let G-u 
be the Green function for the half space and A-^ the corresponding Robin function. For brevity let 

D = U O D where U is as above and Dj = Tj{U fl D). Finally let Gj, Aj be the Green function and the 
associated Robin function for Dj. Using (1.1) it can be seen that 

(3.1) Gj{Tj{z),Tj{p)) = Gn{z,p) (^(^,))'""' 
and that 

A,(T,(p))=A(p) (V(^,))'"-' 

which can be rewritten as 

(3.2) Aj{p) = A{zj -pi^iz,)) (V(^,))'""' 
for all j and p G Dj. 

Proposition 3.2. For every p £ H, [Gj{z,p)^ has a subsequence that converges uniformly on compact 
subsets ofH \ {p} to a function G{z,p) which is harmonic on'H \ {p}. 

Proof. First assume that p = £ Dj for all j which implies that Gj{z, 0) is well defined on Dj \ {0}. Let 
K he a compact subset of "H \ {0}. Then K c Tj{V CiD) c Dj c Dj for large j. Fov z € K and j large, 
proposition 3.1 shows that 

Gj:,{Tr\z),Zj)) < GDiTr\z),Zj) < Gf,{Tr\z), Zj)) + C 

for some uniform constant C > and this is equivalent to 

(3.3) Gj{z,0) < Gj{z,0) < Gj{z,0) + C {i}{zj)f''~^ 

by (3.1). Now Gj{z, 0) is harmonic on £>j\{0} and satisfies < Gj{z, 0) < |^;|~^"+^ there by the maximum 
principle. In particular, {Gj{z,0)} is uniformly bounded on K and hence it admits a subsequence that 
converges uniformly on compact subsets of'H\ {0} to a function G that is harmonic on 'H \ {0}. By (3.3) 
the same is therefore true of Gj{z, 0). 

In general if p € H and K C {p} is compact, then both K and p are contained in Tj{V 11 D) C 
Dj c Dj for j large so that Gj{z,p) is well defined on K. As before 

Gi,{Tr\z),T7\p)) < Gn{Tr\z),Tr\p)) < Gf,{Tr\z),T7\p)))+C 

for some uniform C > and j large. This implies that 

(3.4) Gj{z,p) < Gjiz,0) < Gj{z,p) + C {i>{zj)f''-^ 

as before. Since Gj{z,p) is harmonic on Dj \ {p} and satisfies < Gj{z,p) < \z — there by 

the maximum principle, it follows that {Gj{z,p)} is uniformly bounded on K. In particular there is 
a subsequence that converges uniformly on compact subsets of 7^ \ {p} to G{z,p) that is harmonic on 
H \ {p}. By (3.4) the same holds for {Gj{z,p)}. □ 

Proposition 3.3. G{z,p) is the Green function for H with pole at p, i.e., G{z,p) = G-h{z,p). 
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The proof of this requires a quantitative understanding of the behaviour of G(z,p) near 8% and for this 
an auxihary step from [8 wih be needed. Once this has been proved it will follow that every convergent 
subsequence of Gj{z,p) has a unique limit, namely G-h{z,p). Hence Gj{z,p) — > G-h{ztP) uniformly on 
compact subsets of H \ {p}. A point x e R™ will be written as a; = ('a;, Xm) G R'"""'^ x R. 

Lemma 3.4. Let B C R" be the unit ball. Let B = S(('0, 1), ^ B f] B" and t = dB\B. Then 
there is a harmonic function H on a neighbourhood of which is non-negative on 57 and a constant 
c = c[B) > such that 

(i) H{0) ^ 

(h) H{x) >{)ifxen\{Q} 

(iii) H{x) > 1 for all x d t 

(iv) H{'0, -t) <ct for alio <t<l. 

Proof. The Kelvin transform of f{x) — Xm with respect to dB is given by 
for a: G R™ \ {('0, 1)} and 

\x- ('0,1)1^ 

which is the inversion of x with respect to dB. Thus 

(a;,„-l) + |x-('0,l)|2 



('o,i)r 



and since / is harmonic on R™, it follows that /* is harmonic on R™ \ {('0, 1)}. Evidently /*(0) = 0. 
Let x G il \ {0}. Then \x — ('0, 1)| > 1. Two cases arise - first, if Xm > then 

{x„,-l) + \x-{'0,l)\^ > -1 + 1=0 

and hence f*{x) > 0. On the other hand if Xm < then 

{x„i - 1) + |a; - ('0, l)p = + + • ■ ■ + ^li-i + x,n{x„i - 1) > 

and hence f*{x) > again. Finally if Xm = then the above expression is the sum of squares of the 
first m — 1 components of x and this is positive since x ^ 0. Thus f*{x) > 0. It follows that there is a 
constant c > such that cf* > 1 on r. Let H{x) = cf*{x). By construction H satisfies (i), (ii) and (iii). 
For (iv) note that if < i < 1 then 

iJ('0, ~t) = ct/{l + <)"-! < ct. 

□ 



In general if L : R"' — > R™ is an affine transformation of the form L{x) = a Ax + b where a > and A 
is orthogonal and ft' = L{il.), then H{x) = H o L~^ is harmonic in a neighbourhood of fl and satisfies 
H{b) = 0, H{x) > on n' \ {b}, H{x) > 1 on L(r) and HiL{'0, -t)) < ct for aU < i < 1. Now fix 
zq € dT-L \ {oo} and a neighbourhood U of zq. Since the defining functions for U fl dDj converge to that 
of U (IdTL in the C'^{U) topology, the implicit function theorem shows that for j large there is a uniform 
R> such that li r < R and qj £ U H dDj, there is a ball of radius r around c = c{qj) that lies outside 
dDj and whose closure touches dDj only at qj. 

Proposition 3.5. Let zq G dH \ {oo} and K G H compact. Then there exists a neighbourhood U of zq 
disjoint from K and a constant C = C{zq,K) > such that 

Giz,p) <C6{z)\z~p\-^''+^ 

where z £ U ClT-L, p G K and S{z) is the distance of z to dH. 
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Proof. Fix a neighbourhood U of zq disjoint from K and let -R > be as above. Fix p G K and without 
loss of generality assume that 

R< {dist{zo,K))/2. 

Choose s > sufficiently small that 

S{z) < {R\z-p\)/{4\zo-p\) 

for all z G B{zo,s) and p G K. By shrinking s if needed we may assume that tt{z) € U whenever 
z G B{zo, s) (iD and that s < dist(^;o, K). Now fix z e B{zo, s)f\'H and define 

a={R\z-p\)/{2\zo-p\) < \z-p\/A 

and note that 

OA^A/ ^ R{\z-Z^\ + \zo-p\) 

25{z) <a< < R 

2\zo -p\ 

since |2: — 2:o| < s < dist(^;o,^)- Let TTj{z) € U Ci dDj realise the distance between z and U fl dDj 
and let Sj{z) = dist(2:, J7 n dDj) = \TTj{z) — z\ and note that 5j{z) — >■ S{z) as j — >■ oo. Define Clj = 
B{TTj{z),a) n B''{cj,a) where Cj = Cj{Trj{z)). If m; e d^j n Dj then 

l-z — w| < l-z — 7rj(z)| + l^^jiz) — w\ = Sj{z) +a <2a 

and therefore 

|p — w| > |p — 2:| — l^: — w| 

>\p-z\-2a> \p-z\/2. 

This shows that 

(3.5) Gj{w,p) < |u;-pr2"+2 < 22"-2|2-pr2"+2 

for w e dVlj n Dj. Let Hj be the harmonic function on Q.j whose existence is guaranteed by lemma 3.4 
and the remark after it. Since Hj{'w) > 1 on dflj fl Dj it follows from (3.5) that 

Gj{w,p) < F,(W)22"-2|^ -p|-2"+2 

for w G dilj n Dj. But if w G Qj n dDj then 

= Gj{w,p) < F,(w)22"-2|^-p|-2"+2 

and hence the maximum principle shows that 

G,{w,p)<Hj{w)2^^-^\z-p\-^^+^ 

for all w G flj r\ Dj. Let nj{TTj{z)) be the outward real normal to dDj at T^j{z) and define Zj = 
nj{z) — S{z) nj{TTj{z)). Since Zj — >■ z and Dj converge to H in the Hausdorff sense it follows that Zj G Dj 
for all large j. Hence 

(3.6) Gj{zj,p) < Hj{zj)2^"-^\z-p\-'"+' 

for all large j. But property (iv) of H from lemma 3.4 shows that Hj{zj) < c6{z)/a and with this (3.6) 
becomes 

Gj{zj,p) < (c(5(z)/a)22"-2|2_p|-2"+2 

which is the same as 

Gj{zj,p)<C5{z)\z-p\-^"+' 

after usine: the definition of a with C = (c/i?)22"-i(dist(zo, ^)) > 0. It remains to observe that 
Gj{zj,p) — >■ G{z,p) which completes the proof. □ 

To continue with the proof of proposition 3.3, fix p € H. Since G{z,p) is already known to be harmonic 
on "H \ {p} it suffices to show that G{z,p) — \z — p|~2"+2 jg harmonic near p and that G{z,p) — >■ as 
z dH. Fix a small ball B = B{p,r) C H and note that Hj{z,p) = Gj{z,p) — \z — p|~2"+2 jg harmonic 
on a neighbourhood of B for all j. Moreover 

Hj{z,p)^G{z,p)-\z-p\-^"+^ 
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uniformly on dB and hence on B by the maximum principle. It follows that G{z,p) — \z — p\ is 
harmonic near p. For the other claim, note that 

< G{z,p) < i^-pr2"+2 

for all z e 'H\{p} since the same holds for all Gj{z,p). For a given e > it is therefore possible to choose 
a large ball B{p, R) such that G{z,p) < e ior z € T-L \ B{p, R). On the other hand there is a finite cover 
of dT-L n B{p, R) by open balls in which the estimate 

G(z,p) <(5(z)|z-pr2"+i 

of proposition 3.5 holds. Combining these observations it follows that if z is close enough to dH then 
G{z,p) < € and this completes the proof of proposition 3.3. 

Proposition 3.6. Gj{z,p) — \z — converges to Gu{z,p) — \z — uniformly on compact 

subsets ofH x H. 

Proof. By a linear change of coordinates we may assume that T-L = {z € C" : 5Rz„ < 0}. First consider 
(^O)Po) € 7^ X 7^ off the diagonal, i.e., zq ^ po- Let Uq, Vq CH he neighbourhoods of zo,Po respectively 
that have disjoint closures. For a given e > 0, choose R> large such that 

2|z-pr2»+2 <e 

for all \z\ > R and p £ Vb- Define 

f2(T, r/) = {z e C" : \zj\ < 2t for 1 < j < n - 1, \Qzn\ < 2t, -2r < »0„ < -rj} 

for r, ry > 0. Note that fi(r, rj) CH and that Uo, Vb C il{T, -q) by taking r » 1 and r/ > small enough. 
Moreover for a fixed r, 77, 0(r, 77) C Dj for all large j. Therefore Gj{z,p) is well defined on 0(r, 77) for 
each p G Vb and j large. By the maximum principle 

\G,{z,p)-Gniz,p)\<2\z-p\-^^+^ <e 

for z e dQ{R,r]) \ B{0,R) and p € Vq. For 77 > small, there is a finite cover of dQ{R,r]) fi B{0,R) in 
which 

Gj{z,p)<5{z)\z-p\-^"+' and Gn < 5{z) \z - p\-^^+' 
for j large, each p gVo and z G dfl{R, rj) fl S(0, ii). This is a consequence of proposition 3.5. Therefore 

\Gj{z,p) - Gn{z,p)\ < 5{z) \z - p\-^^+^ = v\z-p\-^"+' < e 

for z S dfl{R,r]) n B{0,R) and 7) G Vq if ?7 > is small enough. Now for each p € Vq, the function 
Gj{z,p) — G-n{z,p) is harmonic in Q{R,ri) and in modulus is at most e on dfl{R,ri). By the maximum 
principle 

\Gj{z,p) - Gn{z,p)\ < e 
for each p gVq and z gUq C Sl{R, rf) in particular. Hence 

G^{z,p) - \z-p\-^^+^^Gn{z,p) - \z-p\-^^+^ 

uniformly on compact subsets of "H x "H \ (diagonal). 

Now fix {zo, zo) ^Hx H. Let TV be a small neighbourhood of (2:0, 2:0) in the diagonal inHxH. Then 
there is a uniform p > such that the family of horizontal plaques parametrised by 

MO = {z + pC,z) 

where ( = {(,1,(2, ■■■ ,Cn) G A" and z € Af contains a neighbourhood of (zo,zo) along the diagonal 
possibly smaller than J\f. By shrinking J\f if needed it follows that the boundary of this family of 
horizontal plaques is disjoint from the diagonal. The argument above shows that 

Gj{z,p) - \z-p\-^^+^^Gn{z,p) - |2-p|-2"+2 

uniformly on dJ^ and hence the maximum principle shows that the convergence is uniform even around 
{zq, Zq) and this completes the proof. □ 
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Proof of Theorem 1.1: From (3.2) it follows that 

where the derivatives are with respect to p. Now fix a compactly contained ball U = B(0, r) <Z % and 
note that U C Dj for all j large. For each such j and p G U, lemma 2.2 shows that 

A(\ 1 ff rr t , {r^ ^\z~p\'){r^ -\w-p\') 



where Hj{z, w) — Gj{z, w) — {z — w\ 2n+2 Differentiating with respect to p mider the integral sign shows 
that 



Since Hj{z,w) converges to Hoo{z,w) = G-u{ztW) — \z — uniformly on dU x dU , the integral 

above converges to 

[<J2nry JJouxdu \ \z-pY'^ J\ j 

Setting p — Q shows that 

as Zj Zq which finishes the proof. 

4. Comparison with the Kobayashi metric 

Let Z? be a C°°-smoothly bounded domain and ip a C°°-smooth defining function for D. i.e., D — {ip < 0}, 
dD = {-0 = 0} and the gradient of ij) does not vanish on dD. Fix zq € dD. Define 

(4.1) A(z) = A(z)(V(z))'"~' 

for z D. In what follows, the standard convention of denoting derivatives by suitable subscripts will 
be followed. For example ipa — dip/dza, ip^jj — d'^ip/dza&z/} etc. By theorem 1.1 it follows that 

A(z) = A{z){^j{z)f'-' ^ -I VV;(zo)|'"~' 

as z ^ zo which implies that A is continuous on Z?. A stronger result was proved in 110\ namely that A 
is C^-smooth on D. They in fact conjecture that A must be C°° smooth on D. 

It must be noted that the boundary behaviour of A and its second order derivatives was obtained as 
a consequence of the smoothness of A on 13 in [1(2,. On the other hand theorem 1.1 does not involve 
A and so it is tempting to see if the boundary smoothness of A can be obtained using the information 
there. As seen above, this approach does yield the continuity of A on D. However there is a problem 
when derivatives of A are considered. Indeed, 

A„ = A„ V'^"^^ + (2n - 2)A V'^""^ i^a 
for 1 < a < n. By theorem 1.1 it follows that 

A„(z) (V(;2))'"'' ^ (2n - 2)Mzo) | V7/-(zo) |'""' 

and hence Aq.(z) tp{z) — > as z — >■ zq which does not apriori show that Aq, is continuous at zq. D will now 
be assumed to be pseudoconvex so that the A-metric is well defined and (•, •) as before will denote the 
standard hermitian inner product on C". To begin with note that a straightforward calculation using 
(4.1) implies that 

Lemma 4.1. Let A be as above. For 1 < a,/? < n 

(i) A, = {K - {2n - 2)A 0-1) , 

(ii) A^^ = 0-2"+2(A„^ - (2n - 2)(A« ^ + A^ Va) V-"' 

+ (2n - 2)(2n - 1)A 0„ i^^-^ - (2n - 2)A ^A"') ■ 
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Proposition 4.2. Let D, ip be as above. Then there is a neighbourhood J\f of dD such that 

n 

{vH{z),dij{z))\ = \Y,M^)^h{z) <S{z) 
for all z G A/" n £) and vectors v of unit length. 



Proof. Choose a tubular neighbourhood J\f of dD so small that the distance S{z) of z to dD is realised 
by a unique point Tr{z) G dD and such that all derivatives of ijj up to second order are uniformly bounded 
on it. For v G and z £ J\f Ci D note that 

{vH{z),d^{niz)))=0 

and thus 

{vH{z),di,{z)) = {vH{z),di,{z)-di,{n{z))). 
Since \z — 7r{z)\ = 6{z) it follows that 

{vH{z),mz))\<6{z) 

foT z GAfnD and \v\ = 1. 



□ 



Proof of Theorem 1.3: For v e C" regarded as a tangent vector at ^; e D we have 
(4.2) 



a,/3=l 



where 



A = k-^ A^-^v"v'^ = A-^Uiz, v) and B = A'^ ^ A^v" = A'^v, dA). 

a,/3=l 

^From A — A-0~^"+^ and lemma 4.1 it is seen that 



A = X-^Cx{z,v) -2{2n-2){XiP)-^mv,dX) {d^,v)) 

+ {2n ~ 2){2n - l)^-^\{v,d'ilj)\^ - {2n - 2)^p-'^C-^{z,v) 

and 

B = X-^{v,dX) - (2n - 2)ip-^ {v,dij;). 
Now fix a compact S C C". If v varies in S and z is close to dD then 

{v,di,{'K{z))) 



(4.3) 



vn = vn{z) 



■ d'tp['7T{z)) 



\dll)[TT{z)) I 

also varies compactly. Since A is on D and non-zero there, both X~^{vN,dX) and X~^ iddX{vN,VN) 
are uniformly bounded for all w S S* and z near dD. Also (4.3) shows that 

\{vN,dtp)\ \vn{zo)\ \dtjj{zo)\ = \vn{zo)\ \dtfj{zo)\ 

and 

jC^{z,vn) jC^{zo,vn{zo)) 
as ^ — >■ 2;o, the convergence being uniform for v £ S. It follows that 



( - i^{z)yA ^ (2n - 2)(2n - 1)\vn{zo)\^ \di^{zo)f 



and 



( - ipiz))B -{2n - 2)\vn{zo)\ \d^{zo)\ 
as z ^ zq. Consequently (4.2) shows that 

( - ^{z))\fE{z, VMiz)))' = ( - V(^))' A - ( - ^Piz))' \Bf 

^ {2n - 2)\vn{zo)\' Idi'izo)}'' 
as z ^ zo which proves the first assertion of this theorem. 
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For Vh = Vh{z) = V — vn{z) the terms A ^{vH,dX) and A ^C\{z,vh) are uniformly bounded for 
V & S and z near dD as before. By the previous lemma 

<i 

if z is close enough to dD since \i^{z)\ « 5{z). This shows that B is bounded near zq. Also 

C^{z,vh) C^{zq,vh{zq)) 
as z ^ zq, the convergence being uniform in u <E 5. It follows that 

( - V(^)) ^ ^ (2n - 2) C^{zo,vh{zq)) 

and 

(_^(,))|B|2_,o 

as z ^ zq. Consequently (4.2) shows that 

( - i,{z)) (f§{z, VH{z))f = ( - ^{z)) A-{~ ^(z)) |Bp 

^ (2n - 2)£^(zo,Wfl-(zo)) 

as z — > zo which proves the second assertion and completes the proof of this theorem. 

For the proof of theorem 1.4, which is a statement about the global comparibility of the A-metric and 
the Kobayashi metric it is essential to know the behaviour of F§{z, v) near dD for an arbitrary vector v. 

Proposition 4.3. Let D c C" be a bounded strongly pseudoconvex domain with C°° -smooth boundary 
and fix zo G dD. Suppose that ip is a C°° -smooth defining function for dD. Then for z G D and v G C" 

(44) lim (^^"(-'-))' = 1 

{Fg{z,vr,)Y + {Fg{z,VH))^ 

where the limit is uniform for v in a compact subset of C" and as usual the decomposition v = Vh + Vn 
is taken at tt{z) G dD. In particular there exists a constant C > 1 such that 

(45) 1 (\vn\^ ^^^''^''^'''"A '^^ KF^'lz vXC (^''^^^ I ^4^(^)^^g) V^' 
c[sHz)^ 5{z) ) -^^^''""'-^ [d^{z)^ 6{z) ) 

for all z sufficiently close to dD and all v G C". 

Proof. ^From v = vh + vn for any z G D sufficiently close to dD and the fact that the A-metric is 
Hermitian it follows that 

{Fg{z, v)f = {Fg{z, vh))^ + {Fg{z, vn))^ + 2 ^{vh, vn)r 

where {X,Y)r = Ea,/3=i S^^W^"^'' vectors X = {X\X^...,X^) and Y = {Y\Y\ . . . ,Y^). 
Since g^{z) = d"^ \og{—K)/dzadzp{z) we have that 

{vh,vn)r = A~^{jCa{z)vh,vn) -A~^{vH,dA) ■ A~'^{vN,dA). 

There are two cases that need to be considered. First suppose that vn{zo) ^ 0. From theorem 1.1 it is 
known that 

• ^2n-2^^ _|v^(zo)|2"-^, 

• ^2n-i^^ ^ (2n - 2)V'a(2o)|V^/'(zo)|^""^ and 

• ^'"A„^^-(2n-l)(2n-2)^„(^o)V'^(-2o)|V^(zo)|'""' 
as z — >^ 2;o. As a result 

n 

tp'^{vH,VN)R (2n- l)(2n - 2) ^ i;a{zo)i^{zo)vH{zo)v'^Ni^o) - {'^'U - 2 f{vH{zo),dip{zo)) {vN{zo),dtp{zo)) 

a,/3=l 

= (2n - l)(2n - 2)(«h(zo), a^(zo)) {vn{zo), di>{zo)) - (2n - 2f{vH{zo),dij{zo)) {vN{zo),di>{zo)) 
= {2n - 2){vh{zo)M{zo)) {vN{zo),d^{zo)) = 
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as z zq where the last equality holds since (^VH{zo),dtp{zo)) = 0. On the other hand it is seen from 
theorem 1.3 that 

(( - VW) Fg{z,VN)y + (( - ^{z)) Fg{z,VH)y ^ (2n - 2)\vn{zo)\^ |V^(0o)|' > 

as 2; ^ zq. There is no contribution from the horizontal component vh since F§{z,vh) ^ ( — tp{z)) 
near dD by theorem 1.3 and hence 

{{-i,{z))Fg{z,VH))'^0 
as z ^ zq. Putting all this together we see that 

{vh,vn)r 

{Fg{z,v^))' + {Fg{z,VH)y 

as z ^ zq which implies (4.4) in case vn{zo) 0. 

Now suppose that vj^{zo) = which exactly means that v lies in the complex tangent space to dD at 
Zq and that t'jv(-z) as z ^ Zq. As above, each of the terms {vhjVn)^, F§{z,Vn) and Fj^{z,VH) will 
be separately discussed, starting with Fl^{z, v^)- From (4.2) we have 

( - ^p{z)) {Fg{z, v^)f = ( - ^(z)) \B\^ 

where 

A = X-^Cx{z,vn) - 2(2n - 2)(A V)"' mvN,dX) {8^^,11^)) 

+ (2n- 2)(2n- l)^-2|(i;jv,5V')|^ - {2n - 2)^''^ C-^{z,Vn) 

and 

B = X-^{vN,dX) - (2n - 2) ^'"^ {vN,d'ip). 

Let /, II, III, IV denote the four terms in the expression for A. Since A is on D and non-zero there, 
it follows that ( - V(z)) / ^ while ( - il){z)) // -)■ and ( - %l){z)) IV ^ Q as vn{z) 0. Note that 

{-■ip{z))lll = {2n-2){2n~l)^-^\(vN,dip)\^. Since WAr(zo) = 

(4.6) {vN{z),d^{z)) = {vn{z)M{z)) - {vN{zo),d^{zo)) 

(4.7) = (vN{z),dip{z) -dijj{zo)) + {vn{z) - VN{zo),dil){zo)). 
It is evident that 

\dij{z) -dij{zo)\ <6{z) 
while (4.2) combined with the fact that ip has non-vanishing gradient near dD shows that 



vn{z) -vn{zo) « (^v,d'ilj{n{z))j d'4j{TT{z)) - {v, dip{za)) dip{za) 

« (^v,dij{Tr{z))) (d^{7r{z)) -dij{zo)) + (^v,dij{TT{z)) -dij{zo))d^{zo). 

Hence it follows that 

\vn{z) - vn{zo)\ < 6{z). 
Since \i^{z)\ « 5{z), the observations made above collectively show that 

(4.8) ^-'\{vN{z),d^iz))\^ ^0 

as z zo- As a result ( — tp{z)) A—^0. On the other hand note that 

{-i,{z))\Bf = \{-i,y/^X-\vM,dX) + {2n-2){-ij)-'/^{vNM)\^- 
The first term evidently goes to zero while the second term also goes to zero thanks to (4.6). As a result 
( — tj;{z))(^Fl^{z,VN)) as z Zo- By theorem 1.1, it is known that 

( - V(^)) {fE{z, vh)Y ^ (2n - 2) C^izo, v) > 
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as z ^ zq where the positivity of the Levi form follows from the strong pseudoconvexity of D and the 
assumption that v is complex tangential to dD at zq. The other term is {vh, vn)r', for this we write 

( - VW) {vh,vn)r = ( - ijiz))S ~ ( - 7A(z))T 

where 

S - X-'{Cx{z)vh,vn) - {2n - 2)^r^\-^ {{vh M) (B^^vn) + {vH.d^) (^\vn)) 

+ (2n - l)(2n - 2)^A"'A {vhM) (B^, vn) - {2n - 2)^-^\{C^{z)vh, vn) 

and 

T = X-\{vH,dX) - {2n - 2)^-^\{vhM)) A"' ((9A, vn) - {2n - 2)ijj-^\{d^, vn)) ■ 

Let /, //, ///, IV be the four terms in the expression for S. Since A is on D and non-zero there, it 
follows that ( - -ijjiz))! while ( - il){z))ll -J- and ( - '4}{z))lV -J- as vn{z) -j> 0. Note that 
{-ip{z))lll = {2n-l){2n-2)ip-'^X{vH,dip) {d'ip,VN)- By proposition 4.2 it follows that \ {vH,dip)\ < S{z) 
near zq which implies that 

\ij-^{vH,di:)\ < 1 

near zq. The other factor {difi, vn) as z — > zq since UAr(z) 0. Hence ( — ^{z))S 0. 

On the other hand note that 

( - ^{z))T = A-i {^{vH,dX) - {2n - 2)X{vH,d^)) X'^ {(dX, vn) - {2n - 2)ir^X{di^, vn)) . 

Evidently 'ip{vH,dX) — )■ since ij{zo) = and A is smooth near zq. Proposition 4.2 shows that | {vh, d^p) | < 
S{z) and hence the first factor above vanishes at zq. The smoothness of A again implies that {dX, vn) — > 
as z — > Zq. Finally, the calculations leading up to (4.6) show that |(9i/;,VAr)| < S{z) and this in turn 
implies that the remaining term, i.e., (2n — 2)ip~^X{dip,VN) is bounded near zq. All this together shows 
that ( - ipiz))T as z — >■ Zq and this is sufficient to conclude that (4.4) holds even when vn{zo) = 0. 
The estimates in (4.5) are now a consequence of theorem 1.3. 

□ 

Proof of theorem l.^: It is known (see [6^ for example) that the Kobayashi metric on a smoothly bounded 
strongly pseudoconvex domain D C C" behaves as 

(4.9) (F-(z,.))^ « (F-(z,..))^ + {Fl<iz,v,)f « ^ + ^ 

where z G Z? is close to dD, w is a tangent vector at z and the decomposition v — vn{z) + vh{z) is taken 
at 7r(z) as usual. Using the homogeneity of these metrics in the vector variable, proposition 4.3 shows 
that 

(4.10) Fg{z,v)^F^{z,v) 

uniformly for all z close to dD and v G C". On compact subsets of D, these metrics are comparable to the 
euclidean metric. Therefore the length of any piecewise differentiable path joining p, q e Z? is uniformly 
comparable in these metrics amd hence dnip, q) ~ dji{p, q) for all p,q ^ D. Since the Caratheodory and 
the Bergman metric have the same behaviour as (4.7) on strongly pseudoconvex domains, theorem 1.4 
follows. 

Consequently, the A-metric on a smoothly bounded strongly pseudoconvex domain is complete. For 
the proof of corollary 1.5, observe that the following finer estimate holds for the Kobayashi metric on a 
smooth strongly pseudoconvex domain with defining function -0, i.e., for z G I? close to dD and v G C", 



/ _hvP , , £v,(7r(z),«g) ^ ^ ln.K, ^^5 



452(z) ' ^ ' " 
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where 77 > and C > are uniform constants and the decomposition v — + is taken at 7r(z). Since 
F^{z, v) « (z, v) on such a D, it fohows that there exists a > 1 such that 

for all z G D close to dD and vectors v € C". Theorem 1.1 of [T] shows that these estimates can be 
integrated to yield 

dip, q)-C < dB.(p, q) <a g{p, q) + C 
for all p, g G -D and some uniform C > 0. 

To show that {D, cIr) is (5-hyperbolic, observe that the identity map 

i : {D,dR) ^ {D,dK) 

is Lipschitz thanks to theorem 1.4. Now given p,q E D and a continuous path 7 : [0, 1] — !• D joining 
them, the length of 7 in the Kobayashi metric is 

'(7) = sup{(ii^(7(ti_i),7(ti)} 
V 

where the supremum is taken over all possible partitions V : ~ to < ti < . . . < tn ~ I. Then 

d{p,q) = inf ^(7) 

7 

where the infimum is taken over all continuous paths 7 joining p, q is the induced metric which evidently 
satisfies dnip, q) < d{p, q) for all p, g G D. If / : A ^ is holomorphic then it can be checked that 

d{f[a)J{b))<dhyp[a,b) 

where a, & G A and dhyp is the usual hyperbolic metric on A, i.e., d is distance decreasing for holomorphic 
maps from the disc. However it is known that dK is the largest distance with this property and hence 
d < dx on D. It follows that d = dx which means that dx is intrinsic. The same property holds (by 
definition) for d^ since it is hermitian. By [T] it is known that {D^dx) is (5-hyperbolic. Theorem 3.18 of 
[12] now shows that the same is true of {D,dR). 

5. Calculation of the holomorphic sectional curvature along normal directions 

In this section we prove theorem 1.6. First we show that the A- metric is invariant under certain trans- 
formations of C", namely translations, unitary rotations and dialations. 

Lemma 5.1. The K-metric is invariant under an affine transformation of of the form 

f{z) = a{Az) + b 

where a G C \ {0}, h G C" and A is an n x n unitary matrix. 

Proof. Let D C C" be a domain for which the A-metric is well defined and let D' = f(D). We have to 
prove that 

(5.1) Fgiz,v) = FE,ifi^),dfiz)v) 

for z e D and u G C". Note that 

Ad'{w) = \a\-'"+'ADiz) 

where w — f{z). This gives 

log(-Ao, (w)) = log(-A,3(z)) + log |a|-2"+2. 
Differentiating this with respect to zp, and then by Za we obtain 

'd^\og{-AD'), a dfi. .dj^. . OHogi-Ao), 



■^-^ ' aWlOWm J OZa OZp OZaOZl3 
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Therefore 

32 



dzadzf} ^ dwidwm i a JpK^'^P 

i.e., 

a,/3 /,m 

which is the same as (|5.ip . □ 

Let us now consider a C'^-smooth strongly pseudoconvex domain D in C". Fix a point G and 
suppose that is & C^-smooth defining function for D with |V'0(2o)| = 1- Since translations and 
unitary rotations are isometrics for the A-metric, the curvature of this metric remains unchanged under 
transformations of these kinds. Therefore, without loss of generality we will assume that zq — Q and 
VV'(O) = (0, . . . , 0, 1). Let H be the half space defined in theorem 1.1, i.e.. 



The Robin function for T-L is given by 

-e:ii|V'.(o) 



2n-2 , n -2n+2 



An application of theorem 1.1 gives the following boundary behaviour of the components of the A-metric. 
Lemma 5.2. For z £ D the functions g^-^iz) satisfy 

(i) lim,^off„^(^)(V^(^))' = (2n-2)V'„(0)V^(0), 

(ii) lim,^o^(^)(V'W)' = -2(2n-2)7/;„(0)^^(p)V'7(0) and 

(iii) hm.^o = 6(2n - 2)V^„(p)V^(0)^^ (0)^(0) 
for 1 < a, /3, 7, (5 < n. 

Proof. We note that 
. A„(0) = -1, 

. (A„),(0) = -(2n-2)V^„(0), 

• (Aw)ab(O) - -(2n - 2)(2n - 1)M0)MQ), 

• (Aw)abc(O) - -(2n - 2)(2n - l){2n)M0)M0)M0) and 

• (Aw),bed(0) = -{2n - 2){2n - l)(2n)(2n + 1)MQ)M0)A{0)MQ) 

where the indices a, 5, c, c? refer to either holomorphic or conjugate holomorphic derivatives. Hence by 
theorem 1.1 we get 

• A(z)(V'(z))2"-2 ^ 

. A,(z)(^(z))'""'-^(2n-2)V'a(0), 

. Aab{z){^{z)y" ^ -{2n - 2)(2n - 1)M0)M0), 

. Aa6c(^)(V^(2))'"^' ^ -(2n - 2)(2n - l)(2n)V'a(0)V'b(0)V'c(0) and 

• Aabcd{z){^P{z)y"^^ ^ -(2n - 2)(2n - l)(2n)(2n + 1)M0)M0)M0)M0) ■ 

Now 

„ _ _ g^log(^A) _ K-^ A„A^ 

^^•^^ ^"/^ - dz^&zp - ~ 

Multiplying both sides of this equation by -0^, we get 

A„^V'" (A„02„-l)(. ^2„-l) 
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It follows that 

lim {i,{z)f = {2n - 2)V'a (0)^^(0) 

which is (i). 

Differentiating (|5.2p with respect to 

^^•^^ dz^ ~ A A2 + A2 + A2 J + A3 ■ 

Multiplying both sides of this equation by we get 

^g.ff 3 _ Kp^^'''^' / (A„^V,2n)(A^^,2n-l) ( A„^^2n) (A_^2n- 1 ) ( A-^ ^,2^ ) ( A^^,2n- 1 ) ' 
dz-y ^ AV'2"-2 1^ (AV'2"-2)2 (AV'2"-2)2 ^ (AV'2"-2)2 

2(A„V2n-l)(^_^2„-l)(A^^2«-l) 



It follows that 



which is (ii) 



(A^2n-2)3 

lim ^(z)V'(z)^ = -2(271 - 2)^„(0)V'^(p)V^(0) 



Differentiating (|5.3p with respect to zs we obtain 

92(7 - A 7f T /A 7, At- a TTfAt, a tAtT Afl tAq\ /A 7,A t Aq^AtJT a tAtt 



A V A2 A2 A2 A2 ; V A2 A2 A2 

^2 ^ Kn^^h ^ %7^"^I , Aa?A^A7 , A^A^A^ ^ A^^A^A^ N^ GA^A^A^ 



A3 ' A3 A3 ' A3 A3 A3 ; A4 ■ 

Multiplying both sides by i/;^, this equation can be written in a form where A is multiplied by tp'^"~'^ 
and first, second, third and fourth order derivatives of A are multiplied by -02""^, '02"^ ^2n+i ^^^^^^ 0;2n+2 
respectively. It follows that 

lim ^^^(z)(0(z))' 6(2n-2)0„ (0)^^(0)^^ (O)V^(O) 
which is (iii). □ 

We now show that by allowing z — > along the inner normal, it is possible to obtain stronger asymptotics 
for the functions g^jjiz). Denote by TVo the inner normal to dD at of some fixed length e > 0. 



Lemma 5.3. Let a £ {1, . . . , n — 1, 1, . . . , n ~ 1}. Then 

hm ^ = i(V;„„(0)+7^„^(0)). 
Proof. Expand ijj in a neighbourhood of the origin as 

(5.4) V'(^) = 25R(z„ + - 

a, 0=1 a, = 1 

Differentiating the above equation with respect to Za, 

n n 

(5.5) M^) = J2 + E ^a^(o)^^ + o(l^l)- 

B=l B=l 



Z\') 
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Note that for z G A/q we have Z\ — . . . — z^^x — ^ and z„ = a;„. Hence from (|5.4p and (|5.5p we have 

V'a(z) i/'a(z)/a;„ 
hm — -— = um — -— 

-DnA/'oSz^O -0(z) Lin7Vo3z^0 %l)[z) / Xn 

_ -^.^ '0an(O) + ^an(O) + o(|Xn|)/a:„ 

x^^O 2 + 5i{V'rm(0)}a;„ + 1pnn{'^)Xn + o{\Xn\^)/Xn 

= ^(^an(0)+Varr(0)) 



□ 



Lemma 5.4. iet a S {1, . . . , n — 1, 1, . . . , n — 1} and b S {1, . . . , n, 1, . . . , n}. T/ie?i 

(i) lim A„(z)(V'(z))'""' = Aa(0) + (2n-2)Ca. 

-DnA/o9z->0 

(ii) lim A,b(z)(i/^(z))'""' = -(2n - 2)Aa (0)7/^6(0) - (2n - 2)(2n - l)MO)Ca + (2n ~ 2)V^ab(0) 

w/iere Ca = |(V'an(0) + V'an(O)). 

Proof. Consider A(z) = A(z)(7/;(z))^" ^ for z E D. The function A is on D with boundary values 
A(z) = — |V^(z)p"^^ for z E dD. In particular A(0) = —1. Differentiating A with respect to Za we obtain 

AaV''""2^Aa-(2n-2)iAV'a 

Letting z — along TVo we obtain 

(5.6) lim A„(z)(V'(z))'""' = A„(0) + (2ri-2)a 

where 

Ca - lim = ^ (V'a« (0) + ^an (0)) 

nnAfoBz^o ^(z) 2^ ' 



by lemma [5?3l Similarly 

AabV''""' = AahV- - (2n - 2)(AaVfc + AbV^a) 

+ (2n - 2)(2n - l)^AV^aV^6 - (2n - 2)A7/.ab 



which gives 

lim A,6(z)(V'(z))'""' = - (2n - 2)A,(0)^fc(0) - {2n - 2)(2n - l)i>MCa 

(5.7) -Dn7Vl,3z->-0 

+ (2n-2)i^ab(0). 



□ 



Lemma 5.5. Let 1 < a < rt — 1 and I < P < n. Then 

or,l%^„9o.pi^){H^^) = (2n - 2) Q{^a„(0) + ^„w(0)}^^(0) - V^„^(0)) 
Proof. We have 

_ 9Mog(~A) _ AgAff 

A A2 ■ 

Multiplying both sides of this equation by ip we get 

^ _ A,^V,2"-i (A.V.2"-2)(A^^2"-i) 

As in the proof of proposition 15.21 

A(z)(^(z))'"-'^-l 

and 

A^(z)(V'(z))'""'^(2n- 2)^(0) 
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as z — > 0. Therefore letting z ^ along D H Ao in (|5.8p and using lemma we obtain 

lim g„-j^{zMz) = {2n - 2)A„(0)^^(0) + (2n - 2)(2n - l)y^{0)C - (2n - 2)^^-^{0) 

- {A„(0) + (2n - 2)a}{(2n - 2)V^(0)} 
Simplifying the right hand side we obtain 

Dnfe^o^"^^^)^^^^)) = = (2n - 2)(V^^(0)a - ^„^(0)) 

= (271 - 2)(i{^„„(0) + Vw(0)}V^(0) - V„^(0)) . 

□ 

Lemma 5.6. Let 1 < a, 7 < n and 1 — T/istt, 

lim ^(z)U(z))' 



exists and is finite. 

Proof. Multiplying both sides of (|5.2p by ip"^, we obtain 



d9aj , _ A,^^V^^" / (A,^V>^"-i)(A^V>^"-i) (A.^^^")(A^^^"-^) (A^^7^^"-i)(A^V;^"-i) ^ 

^ AV'^"-^ I (AV'2"-2)2 (A^2n-2)2 + (A^2n-2)2 

Of A ,/,2n-l^('^^_^ 



2(A„V^"-l)(Ag^2«-2)(A_^^2n-l) 



(Ai/;2"-2)3 

In view of lemma 15.41 it is seen that the second and third terms have finite limits near the origin along 
Ao and hence it is enough to study the first term. In particular it suffices to show that 

, 2n 

„.n A - (2;)l?/;(z) 

DnM)- 



exists and is finite. To do this we follow the arguments of lemma 6.2 in J^. The Green function G(z,^) 
for D with pole at ^ can be written as 

(5.9) G{z, = \z- er'"+' + A(0 + H(z, 
where H{z,^) is a harmonic function of z for each E D and satisfies 

(5.10) i?(e,C)=0. 

The function G(z,^) — |z — ^|^2n+2 ^.g^j analytic and symmetric in D x D, and harmonic in z and in 
5. Since 

aZa O^a J 

it follows that the function 

is real analytic and symmetric in D x D and harmonic in both z and ^. Similarly the function 



is real analytic and symmetric in _D x _D and harmonic in both z and ^. From (j5.9l 

^From (|5.10p the function H{£,) -ff(^,C) is identically on D. Therefore 

dH dH dH ^ 

O^a OZa O^a 
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and hence 



Differentiating this with respect to 
Differentiating this with respect to 



-(0 = ^(e,e) + ^(e,0- 



Now differentiating the symmetry formula G^-^{z, ^) = G^-^{^, z) with respect to and setting z = ^ we 
obtain 

which gives 

(5-11) A„^^(0 = 2^(C,0- 

For ^ G -D, consider the hnear maps on C" defined as before by 

and let 

'T^iD) if eel?, 

{u; e C" : 2(ReEr=i 1^(0"'.) - K o} if ^ G ^i^. 

Note that G D{£_) for each ^. We denote by the Green's function for D{£^) with pole at and 

define the functions 

dg 



n — 1 -"^ — ' owi 

i—l 



dga , sr^ ( dga , _ dg^ 



w 



d 

haiw,^) := 'ijj{0 — {w,0 ~{n~ l)-0a(C) (.9o(w, ^ +ffo(w,C)) and 

hh^n^ ^ ^'^ ^ g^^. ' -J 5- ^ 

For each ^ E D, the above functions are harmonic in G D{^). Now differentiating 
we obtain 

(5.12) h^-(^^,0=G^-^iz,0{mf" foTweDiO,ieD. 

Differentiating this with respect to z^ and using the definition of h^-p we obtain 

The results of chapters 4 and 5 of [10] show that f^(0,C) and thus also (0, are continuous at 

G dD. Hence by lemma [5751 we have 



3G — 

lini 
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exists and is finite. This together with (|5.11l) imphes that 

hm A 7j (z)(ih(z)V" 

exists and is finite. □ 



Remark 5.7. The conclusion of lemma 15761 is not a consequence of theorem 1.1. A direct application of 
this theorem only yields 

for z £ D close to the origin as can be seen from proposition 15.21 
Lemma 5.8. The limit 

exists and is nonzero. 

Proof. Let (A^-g) be the cofactor matrix of (g^-p). Then expanding by the n-th row, 

det(5„;s) = 5„T^«T + ■ • ■ + 9nn^nn- 

Therefore, 

(5.13) det(5^^)V'"+i = (g„TV')(A„TV'"-') + • ■ • + (ff„sV')(AnwV'"-')- 

Note that 

9ii ■■■ 9i^^ ■■■ 9vr. 

n-l _ J,n-l(_i\n+a , 



A„3V"" = V"" (-1)"+" det 



= (-l)"+"dct 



\9n-ll ■ ■ ■ 5n_lQ-l 5n-la+l ■ • ■ 9n~lnJ 

9iT^ •■• 9i^^ 9i^^ ■■■ 9m^ 



By lemma 15.51 ifl<a<n — 1 and 1 < f3 < n, then the term 9^-pip converges to a finite quantity as 
z — >■ along TVq. It follows that ifl<Q;<n — 1 then 

exists and is finite. Also if 1 < a, /? < n — 1, then g^^V' converges to — (2n — 2)?/j^^(0). Therefore 
z.nij^.^o^'-(")(^("))"" = (-l)"(2n-2rdet(^„^(0))^<^^^<„_^. 

Finally by proposition 15.21 if 1 < < n, then g^-^ip"^ converges to (2n — 2)ipa{^)iJj{^)- Now it follows 
from ([5T31) that 



Dnil^.^o^'* (ffa/5(-))(V'(^))"^' = (-l)"(2n - 2)"+Met (^„^(0)) ^ 



as _D is strictly pseudoconvex at 0. □ 
Proof of Theorem 1.6: Note that for z £ A/q the first n — 1 components of vn{z) vanish and hence 
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We compute the limit of the first term as z — >■ using proposition 15.21 Indeed 



{(2n-2)V'„(0)^^(0)} 
3 



^ {6(2n-2)^„(0)V'^(0)V'„(0)^^(0)} 



n- f 



To compute the hmit of the second term note that g^" = A^^/ det(f;^^). There are various cases to be 
considered depending on a and /3. 

Case 1: a n, P ^ n. Here 
By lemma [521 

g„rr(z)(i^'(z)) ^ (2n-2) 

as z — > 0. By lemma [5^ det (^^(z)) converges to a nonzero finite quantity as z along TVo- 

Also 

a 

where the summation runs over all permutations 

cr : {f, l,a + f, ... ,n} ^ {f, ... ,/3 - l,/3 + f, ... ,n} 

Hence 

^oT^r = E(-i)^'"^'^^(5i^^)(ff2^^) • • • (5„^^')- 

By lemma [531 for 1 < i < n — 1, g^—^{z){ijj{z)) converges to a finite quantity as z — )■ along A/q. Also 

9n-^){^M^)Y (2« - 2)Vn(0)^^(0) 

as z — 5- by lemma [5T2] Thus A^^(z) (1/1(2))" converges to a finite quantity as z along A/q. 
BylemmaEH ^(z)(i/'(z)) converges to a finite quantity as z — )■ along Ao and by proposition 



'-{z){i^{z)y = ^(z)(V'(z))'^ ^ -2(2n - 2)(V'„(0)) (V>^(0)) (V'„(0)) = 

CZ^ \ t/Z^ J 

as z ^ 0. Hence 

r 1 liai \dgna , -.dgpn, „ 
lim T^g^ — — [z] = 0. 

DnNo3z^^ (g^-(z)f^ dZr^ ' 9z„ 

Case 2: a — (3 ^ n. Here 

32^^^ az„ 5z„ (g„wV'2)2(det(5,j)V'"+i)^ "''^ l9z„'^y'U^n y 
By lemma [521 

g„s(z)(V'(z))' ^ (271-2) 

as z — > 0. By lemma det (^^^(z)) (?/'(z))"''^^ has a nonzero limit and A^^(z) (7/;(z))" ^ converges to 
a finite quantity as z — along A/q . By proposition 15.21 

^(z)(^(z))' ^ -2(2n - 2)M0)M0)M0) - -2(2n - 2) 
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and 

^(z)(^(z))' = (^{z){i,{z)f) ^ -2{2n - 2){M0)) (V^(0)) {MO)) - 
as z 0. Hence 

Case 3: a 7^ n and (3 — n. This case is similar to Case 2 and we have 

lim = 0. 

Case 4: a = n, /3 = n. In this case we have 

glJ 9z„ az„ - (g„,^2)2 ( det(5,y)^«+i) ^""""^ ^ I dz^ JKdzJ 
^From lemma [521 

g^j^{z){^{z)f ^ (2?i-2) 

and both 

^-§^{zmz))\ ^iz){M)f ^ -2(2n - 2) 

a.s z 0. From lemma [57 



A„^(z)(^(z))" ^ (-ir(2n-2rdet(V',y(0))^<^^^.<„_^ 

and 

det (.9,-(z))(V.W)"''' ^ (-ir(2n-2r+idet(^,-(0))^<^^^.<„_^ 
as z along TVo . Hence 



/,From the various cases we finally obtain 

lim i?(z, ujv(2)) -3/(n - 1) + 2/(n - 1) = - 1). 

Remark 5.9. To understand the difficulty in computing the holomorphic sectional curvature along tan- 
gential directions let us consider the following example: let z G A/q and v — (1, ... ,0). Then vt{z) = 
(1, . . . , 0) and hence 

'"^'^^ ^ 1 " d^^'^ ^ afT^^) 



By lemma 15.51 
as D is strictly pseudoconvex at the origin and hence 



lim g,-T{z)Mz) = -(2n - 2U,j(0) ^ 



5it(^) 



^(z) 

for z G I? n TVo near the origin. Therefore we require that 

d'9n , . 1 



(^) 



^Zl^Zl {^{z)) 

for z £ D n TVo near the origin. This asymptotic is much sharper than the one obtained from theorem 



1.1 which is 



d^g.T , . 1 



dzidzi {i^(z)y 
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for z ^ D near the origin as computed in lemma l??^ Thus to compute the holomorphic sectional curvature 
along tangential directions a stronger claim about the blow up of the fourth order derivative of A near 
the boundary is needed. 

6. Convex domains with constant negative holomorphic sectional curvature 

In this section D will be a smoothly bounded strongly convex domain in C" equipped with the A-metric. 
Under the assumption that ds^, i.e., the A-metric has constant negative holomorphic sectional curvature 
the goal wll be to prove that D ~ B" and that the A-metric is proportional to the pull back of the 
Bergman metric in B". Note that 

lim F^{z^v) — +00 

for V £ C" with |t;| — 1 which is a consequence of theorem 1.3. Let ds\ be the Bergman metric on A. 

Lemma 6.1. Let D he as above and suppose that the holomorphic sectional curvature of the A-metric is 
bounded from below by a negative constant —c^. Then for every holomorphic map / : D — >■ A, we have 



< —dsl 
-4 ^ 



for z e D. 



Proof. Without loss of generality let us assume that D contains the origin. Let a G (0,1). Consider 
the shrinking map g^t : D — > C" defined by ga{z) = az and let Da = ga{D). The mapping g^, is a 
biholomorphism of D onto Da- Hence we define the Hermitian metric ds^ on Da by setting 

Observe that ds^ blows up near the boundary of Da- Indeed, let z G Da and v G C" with \v\ = 1. Then 
from the definition of ds^, we have 



Fgjz,v)^-Fg{z/a,v). 
a 

Since z — > dDa implies that z/a = g^^(z) — ?> dD, we obtain from the above equation that 

lim Fgjz,v)^ \im -Fg{z/a,v) = +oo. 

Note that Da CC as 13 is convex. We now show that the metric c?s^ actually converges to ds^ as 
a — > 1 at each point in D. Let z ^ D and take a sufficiently close to 1 so that z G Da- Then for any 
t;, w G C" it is evident that 

{dsl)^{v,w) = —dsl/^{v,w)- 

Since ds^ is a Hermitian metric, for fixed v,w £ C", ds'^{v, w) defines a smooth fimction of p G -D. Hence 
from the above equation it follows that (ds^)^ — >■ ds^ as a — > 1. 

The reason for constructing the metric ds^ is clear now. The lemma would be proved if we show that 

r{dsl)<^^dsl 

for each a G (0, 1). So let us fix a G (0, 1). Let S'„ = {w G C" : \v\ = 1}. Consider the function 

{f*{dsl))^{v,v) 



u{z, v) 



(dsl) {v,v) 



defined on Da x S'„. The numerator is bounded on Da x 5„ and the denominator blows up on dDa x 5„. 
Therefore the nonnegative function u goes to zero at dDa x 5„. In particular, u attains its maximum at 
(zq, vq) G Da X Sn- If u{zq, vq) = thcu u = and in this case 

r{dsi)<jdsi- 

is evidently true. Therefore, we assume that u{zo,vq) > 0. Let be a complex submanifold of Da of 
dimension 1 through zq and tangent to vq, such that the holomorphic sectional curvature iJ^s^ (zq, vq) of 
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ds^ at zq in the direction of Vq is equal to the Gaussian curvature H (zq) of the restriction of ds^ on 
5 at 2o- 

Let ^ be a local coordinate system around zq on S. Let /* {dsj^ |^ — 2gdS,d£^ and (c?s^) |^ — 2hdS, d^. 
Then the restriction of u on the tangent bundle T{S) of S is equal to g /h on this coordinate system. The 
Gaussian curvature of the metric f*{ds^^ \ g — 2gd£^dS^ is given by 

^ ^ _1 O^logg 

Since u{zo, vq) > 0, the mapping / is a submersion near zq. Therefore the holomorphic sectional curvature 
off*{ds] 
we have 



of /* (ds^) at zo along any vector u G ( kerd/ (zq))^ is equal to — 4. In particular, since t;o G (ker(i/(zo))^, 



Thus 

(6.1) ^^(zo)>4ff(zo). 

The Gaussian curvature of the metric (ds^) |^ = 2hd£_dS, is given by 

^ 19^ log h 

By our assumption 

^{ds^ ) I " ^'^"i ""^ - 

and hence 

(6.2) ^ ^''^(^o)- 

Since u attains a maximum at (zo,^^o), we obtain from (6.1) and (6.2) that 

> ^(z„) = ^(zo) - ^(zo) > 4g(zo) - c^M^o). 



This implies that 

Thus u < c^/4 and hence 



w(zo,wo) = g{zo)/h{zo) < c /4. 

r{dsi)<'^dsi 



which completes the proof. □ 

Proof of Theorem 1.6: Suppose the holomorphic sectional curvature of ds^ is equal to ~c? . We divide the 
proof of the theorem into two parts. In the first part using only the fact that the holomorphic sectional 
curvature of ds^. is bounded above by — we show that the inequality 

(6.3) FE{z,v)>^FE{z,v) 

holds for z G D and v a tangent vector at z. The convexity and blow up of the length of a vector at the 
boundary does not play any role here. The second part is based on lemma 6.1 and using — as a lower 
bound for the curvature we show that 

(6.4) ^Fg{z,v)>FE{z,v) 
for z E D and v a tangent vector at z. 

Assuming that we have shown the above two inequalities, the proof of the theorem can be completed 
as follows. Since D is bounded and convex, Lempert's theorem shows that the Caratheodory and the 
Kobayashi metrics are equal and hence by (6.3) and (6.4) they are both smooth hermitian metrics. Also 
boundedness and convexity of D implies that it is complete hyperbolic with respect to the Kobayashi 
metric. Thus it follows from the main theorem of TT] that D is biholomorphic to the unit ball in 
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C". It remains to show that dsl is proportional to the Bergman metric on D. Let / : I? — B" be a 
biholomorphism. Then for any z D and v e C", 

^FEiz,v) ^ F^{z,v) ^ Fi,{fiz),dfiz)v) ^ Fl{fiz),dfiz)v) ^ FE{z,v). 

where the superscript B on Fd and Fb" denotes the Bergman metric on D and B" respectively. This 
proves the claim. 

We now establish the two inequalities in (6.3) and (6.4). To prove (6.3), let / : A — )■ D be a holomorphic 
map. Since the Gaussian curvature of the Poincare metric is —4, the Ahlfors-Schwarz lemma shows that 

r{dsl) <^dsl. 

This implies that for any z S A and w £ C, 

^Fg{f{z),f{z)v)<\v\,,.^. 

Since the Kobayashi metric is the largest of all metrics that are distance decreasing for holomorphic maps 
/ : A ^ £), it follows that 

which is (6.3). 

To prove (6.4), let / : Z? — > A be a holomorphic mapping. By lemma 6.1 we have 

r{dsi)<^^dsi 

This implies that for any z ^ D and v £ C" 

|rf/(^)H,4 < lFEiz,v). 

Since the Caratheodory metric is the smallest of all metrics that are distance decreasing for holomorphic 
maps / : _D — A, it follows that 

which is (6.4). 

This completes the proof of the theorem. 

7. Stability of the A-metric under perturbation and Concluding Remarks 

In this section we study the interior stability of the A-metric under perturbations of a given domain. Let 
D he a. domain in C" with C^-smooth boundary. By a perturbation of D we mean a sequence {Dj} 
of domains in C" which converges in the topology to D. Let G be the Green function for D and A 
the associated Robin function. Likewise let Gj be the Green function for Dj and A^- the corresponding 
Robin function. 

Proposition 7.1. For every p G D, Gj{z,p) converges uniformly on compact subsets of D to G{z,p). 

Proof. Let p Cz D. Then p is contained in Dj for large j so that the function Gj{z,p) is well defined on 
Dj for all such j. The function Gj{z,p) is harmonic on Dj \ {p} and satisfies 

(7-1) 0<G,{z,p)<j—l^ 

there by the maximum principle. If A' C -D is compact then both p and K are contained in Dj for large 
j and by (|7.ip . {Gj{z,p)} is uniformly bounded on K. Hence there exists a subsequence which converges 
uniformly on compact subsets of _D \ {p}. 

Thus to prove that Gj{z,p) converges uniformly on compacts of Z? \ {p} to G{z,p) it suffices to show 
that any convergent subsequence of {Gj{z,p)} has the unique limit G{z,p). Let {G'j_^(z,p)}j_^gN be a 
subsequence which converges uniformly on compact subsets oi D\ {p} to a function, say G{z,p). Then 
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G{z,p) is a harmonic function on D\{p\ and it follows from the proof of proposition 3.3 that the function 

G{z,p) — \z — p|^2n+2 harmonic near p. To show that G{z,p) — as z — > dD, note that 

0<g(^-P)< |,_p|2n-2 

for all z S D \ {p} since the same holds for Gj{z,p). For a given e > it is therefore possible to choose a 
large ball B{p, R) such that G{z,p) < e for z G \ B{p, R). On the other hand as in proposition 3.5 it 
is possible to show that there is a finite cover of dD D B{p, R) by open balls in which the estimate 

Giz,p) <S{z)\z-p\-^"+^ 

holds. Combining these observations it follows that if z is close enough to dD then G{z,p) < e and this 
proves that G{z,p) is the Green function for D with pole at p. □ 

For multi-indices A = (ai, . . . , a„) and B = (/3i, . . . , /3„) £ N", D^ and D^ will have the same meaning 
as in theorem 1.1 and D^^ = D^D^. 

Proposition 7.2. For multi-indices A, S G N" 

D^'^Aj ^ D^'^A 

uniformly on compact subsets of D. 

Proof. Fix a compactly contained ball U — B{0,r) C D and note that U C Dj for all large j. For each 
such j and p £ U, lemma 2.2 shows that 

AM -J—ff HI , {r'-\z-p\'){r'-\w-p\') 

\C'2nr) JJdUxdU \Z-P\ \W-P\ 

where Hj{z,w) — Gj{z,w) — |z — Differentiating with respect to p under the integral sign we 

obtain 

- r-^ // H,iz,.)D-^ ^^'-\'-plll''-^zr^'K s.ds^. 

{o-2nry J Jauxdu 

Now as in proposition 3.6, Hj{z,w) converges uniformly on compact subsets of x _D to the function 
Hoo{z, w) = G{z, w) — \z — u'|~^"+^. Therefore the integral above converges to 

' ff iz, D-^ - |- - - .5. dS^ = D-^Aip). 



{(^2nrY J Jauxdu ' |z-p|2"|w-pP" 

Moreover the limit is uniform in p G [/ which completes the proof. □ 

Proof of Theorem 1.8: From proposition 7.2 the components of the A- metric for Dj and their derivatives 
converge uniformly on compact subsets of D to the corresponding components of the A-metric for D and 
their derivatives. This proves the theorem. 

We conclude this article with a few open problems involving the A-metric. First of all given a bounded 
strongly pseudoconvex domain D with smooth boundary, we have shown in theorem 1.4 that the A-metric 
is comparable to the Kobayashi metric and hence is complete on D. The completeness of the A-metric on 
such a domain D was first proved by Yamaguchi and Levenberg in [lOj by showing that for every curve 
7 : [0, 1) — > D that approaches dD as t ^ 1^ one has 

„2 



(7.2) / dsi = +00. 

'i 

But for an arbitrary smoothly bounded pseudoconvex domain they were able to prove (7.2) only for those 
curves 7 which approach the boundary non-tangentially (cf. theorem 6.1 in |10| ) or which have finite 
Euclidean length (cf. corollary 9.1 in [ID]). Thus it is unclear whether the A-metric is complete for an 
arbitrary smoothly bounded pseudoconvex domain in C". 

It is unknown if the A-metric is invariant under biholomorphisms. That it is so under affine maps of 
the form z M> aU z + h where aGC,a^0,6GC" and ?7 is a complex unitary matrix has been checked 
in lemma 5.1. 
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Let D he a smoothly bounded strongly pseudoconvex domain in C" and let {zj} be a sequence of 
points in D which converges to a boundary point zq e dD. Further assume that the points Zj lie on the 
inner normal to dD at zq- Then we have shown in theorem 1.6 that the holomorphic sectional curvature 
of the A-metric at Zj along normal directions converges to the constant —l/{n — l). But the behaviour of 
the holomorphic sectional curvature along normal directions is unclear if we remove the above restriction 
on Zj. Also the difficulty in computing the holomorphic sectional curvature along tangential directions 
has been discussed in remark 5.9. 

Let _D be a smoothly bounded strongly pseudoconvex domain in C". Let A be the Laplace-Beltrami 
operator associated to the A-metric. It will be interesting to compute the boundary asymptotics for A. 

Let _D be a smoothly bounded pseudoconvex domain in C". Let Kd{z) be the Bergman kernel 
associated to D and let b^-p{z) be the components of the Bergman metric, i.e., 

dZadzfj 

Let Bd{z) = {b^-p{z)). Then the Ber gman canonical invariant is defined by 

dot Bd{z) 



Kd{z) 



and the Ricci curvature is defined by 



uB \r u ^ ^ 1 D a^logdetGr, 

Rd ^ Rapdzadzp where = — 



a, 13 = 1 



dzadzp 



The boundary behavior of these two objects on /i-extensible domains were studied in [5]. Similar objects 
and can be defined for the A-metric. Note that and Rf) are invariant under biholomorphisms 
of D whereas the behavior of J§ and R^ under such maps is not clear. Nevertheless, it will be interesting 
to find the boundary behavior of J§ and R^. 

Finally, let D he a, smoothly bounded strongly pseudoconvex domain in C". For z (z D and a unit 
vector t; e C" denote by X{t,z,v) the geodesic in the A-metric starting at t = at the point z with 
initial velocity v. A general question is the following: given z close to dD and unit vector v, does the 
geodesic X(t, z, v) hit dD at a unique point provided that X{t, z, v) does not remain in a fixed compact 
subset of D for all t > 0? For the Bergman metric this was done by Fefferman in [3]. 
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